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Abstract
We study the collision energy dependence of elliptic flow v2 and triangular flow v3 in Au+Au
collisions within the energy range
√
sNN = 5 − 200 GeV, utilizing a transport + hydrodynamics
hybrid model. The transport part is described by the Ultrarelativistic Quantum Molecular Dynam-
ics (UrQMD) approach, combined with an intermediate (3+1)-dimensional ideal hydrodynamical
evolution phase using a chiral model equation of state. We find the decrease of v2 produced by
hydrodynamics at lower collision energies partially compensated by the transport dynamics. This
does not apply to v3, which falls to 0 in midcentral collisions at
√
sNN = 5 GeV. We conclude that
the triangular flow provides the clearer signal for the formation of low-viscous fluid in heavy ion
collisions.
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I. INTRODUCTION
Several lattice calculations [1–3] have predicted the existence of a critical point in the
QCD phase diagram, which marks the boundary of cross-over and first-order phase transition
between the hadronic and QCD matter in the plane of baryochemical potential µB and
temperature T . However, only the cross-over phase transition was seen in the continuum
extrapolated results [4, 5]. In 2010, a beam energy scan program was launched at the
Relativistic Heavy Ion Collider (RHIC) to study the features of the phase diagram and to
investigate if any signals of a critical point can be found within the available range of µB.
By running experiments at different beam energies, collisions with varying peak tem-
peratures and values of µB are produced that span a large region in the phase diagram of
strongly interacting matter. So far, the scanned energy range reaches from
√
sNN = 200
GeV down to 7.7 GeV, extending the baryochemical range from µB ∼ 0 up to ∼ 400 MeV.
Additional fixed target collisions down to ∼ 3 GeV have been planned, which increase the
µB-range even further [6]. This region of the phase diagram will also be the target for
more detailed studies with much higher luminosities at the Facility for Antiproton and Ion
Research (FAIR), which is currently under construction.
One of the key observables considered as the evidence of the formation of the strongly
interacting matter, “quark-gluon plasma” (QGP) at RHIC and the Large Hadron Collider
(LHC) is the elliptic flow, typically characterized by coefficient v2 of the Fourier expansion of
the azimuthal angle distribution of the final state particles. One would expect v2 to decrease
at lower beam energies, as the duration of the QGP phase gets smaller. However, the
inclusive charged hadron v2 has demonstrated surprisingly weak dependence on the collision
energy between 7.7 and 39 GeV [7]. On the other hand, the preliminary results for the next
Fourier coefficient v3, known as triangular flow, display a clearer change in magnitude for
this observable between
√
sNN = 27 − 200 GeV [8]. The weak energy dependence of the
elliptic flow thus requires an explanation.
The beam energy dependence of the collective flow has been recently studied with several
different models [9–14]. The method chosen for the present study is a hybrid approach,
where a transport model – a microscopic description of the system – is utilized for the non-
equilibrium phases at the beginning and in the end of a heavy-ion collision event, while a
macroscopic hydrodynamical description is used to model the hot and dense intermediate
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stage incorporating the phase transition between the QGP and hadronic matter. Such a
hybrid model provides a consistent framework for investigating both high-energy heavy ion
collisions with negligible net-baryon density and a large hydrodynamically evolving medium,
and the collisions at smaller energies with finite net-baryon density, where no such medium
is formed. Thus, this approach is optimal for studying the beam energy dependence of the
elliptic and triangular flow.
The next Section provides a brief account of the main features of the applied hybrid
model. The simulation results are presented in Section III. After comparing the transverse
mass spectra of various particles against the experimental data in subsection III A, we study
the elliptic and triangular flow in subsections III B and III C, respectively, concluding with an
investigation of the dependence of flow coefficients on the initial collision geometry in III D.
We then summarize our findings in Section IV.
II. HYBRID MODEL
This study was performed using a Boltzmann + hydrodynamics hybrid model described
in [15]. In this framework, both the initial state before equilibrium and the final state
with hadronic rescatterings and decays is calculated within the Ultrarelativistic Quantum
Molecular Dynamics (UrQMD) string / hadronic cascade [16, 17].
The intermediate hydrodynamical evolution starts, when the two colliding nuclei have
passed through each other:
tstart = max{
2R√
γ2CM − 1
, 0.5 fm}, (1)
where R represents the nuclear radius and γCM =
1√
1−v2CM
is the Lorentz factor in the center-
of-mass frame of the colliding nuclei. A minimum starting time of 0.5 fm is chosen based
on the hybrid model results at the collision energy
√
sNN = 200 GeV [18]. At this time, the
energy-, momentum- and baryon number densities of the particles are mapped onto the hydro
grid. The particles are represented by 3D Gaussian distributions that are Lorentz-contracted
in the beam direction. The width parameter of these Gaussians is chosen to have the value
σ = 1.0 fm to preserve the event-by-event initial state fluctuations. The spectator particles,
which do not participate on the hydrodynamical evolution, are propagated separately in the
cascade.
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The evolution of the system in the intermediate phase is based on (3+1)-D ideal hy-
drodynamics, solving the evolution equations using the SHASTA algorithm [19, 20]. The
equation of state (EoS) is based on a hadronic chiral parity doublet model including quark
degrees of freedom and the thermal contribution of the Polyakov loop [21, 22]. This EoS
qualitatively agrees with the lattice QCD data at µB = 0 and, most importantly, is also
applicable at finite baryon densities. After the last step of the hydrodynamical evolution,
the active equation of state is changed from the deconfinement EoS to the hadron gas EoS,
to ensure that the active degrees of freedom on both sides of the transition hypersurface are
exactly equivalent [22].
The transition from hydro to transport, also known as “particlization”, is done when the
energy density  is smaller than the critical value 20, where 0 = 146 MeV/fm
3 represents the
nuclear ground state energy density. This corresponds roughly to a switching temperature
T ≈ 154 MeV at√sNN = 200 GeV Au+Au collisions [23]. While the switching criterion with
respect to the energy density is kept constant over all collision energies, it will correspond
to different combinations of temperature and baryochemical potential at different values of
√
sNN .
The four-dimensional iso-energy density spacetime surface is constructed using the Cor-
nelius hypersurface finder [23]. From this hypersurface, the particle distributions are gener-
ated according to the Cooper-Frye formula. Rescatterings and final decays of these particles
are then computed in UrQMD. The end result is a distribution of particles which is directly
comparable against the experimental data.
The dynamic change in the importance of the non-equilibrium transport and the hydro-
dynamic part of the evolution and having a proper equation of state applicable at high net
baryon densities are the main advantages of this hybrid approach. As it is enough for the
purposes of this study to reach a qualitative agreement with the experimental results, we
neglect the viscosity effects during the hydrodynamical evolution. The high viscosity in the
hadron gas phase is included, however.
Compared to the previous investigations of the elliptic flow using the same hybrid ap-
proach [24, 25], the new features in this study are the new implementation of the Cooper-Frye
hypersurface finder and particlization, described above, and replacing the reaction plane
(RP) analysis with the event plane (EP) method [26, 27] when computing v2 and v3 from
the particle momentum distributions.
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FIG. 1: (Color online) Transverse mass mT -spectra at midrapidity |y| < 0.5. a) mT -spectra for
pi−,K+ and K− in Pb+Pb -collisions with impact parameter b = 0− 4 fm, compared to the NA49
data [28] at beam energy Elab = 80 AGeV. b) mT -spectra for pi
−,K+ and p in
√
sNN = 200 GeV
Au+Au -collisions with impact parameter b = 0 − 3.4 fm, compared to the 0-5% centrality data
from STAR [29] and PHENIX [30].
III. RESULTS
A. Particle spectra
Our first step is to check how well the current setup of the hybrid model reproduces
experimental data for bulk observables. The mT spectra at midrapidity |y| < 0.5 for pi−, K+
and K− in Pb+Pb -collisions with beam energy Elab = 80 AGeV (corresponding to the
collision energy
√
sNN ≈ 12 GeV) is illustrated in Figure 1a. A good agreement with the
NA49 data [28] is found, although the pion slope is a little too flat and there is an excess of
kaons produced. Similar results are found for pi−, K+ and p in
√
sNN = 200 GeV Au+Au
-collisions, as shown in Figure 1b. For the purpose of the current investigation the agreement
with the experimental data is sufficient; for future studies the particlization energy density
value can be adjusted to achieve a better agreement with the measured spectra.
B. Elliptic flow
Figure 2 shows the hybrid model result for the integrated elliptic flow v2{EP} for charged
particles with transverse momentum 0.2 GeV < pT < 2.0 GeV produced in Au+Au -
collisions in |η| < 1.0 pseudorapidity, compared with the STAR data for three centrality
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FIG. 2: (Color online) Integrated elliptic flow v2{EP} for charged hadrons with 0.2 < pT < 2.0 at
midrapidity |η| < 1.0 in Au+Au -collisions, for collision energies √sNN = 7.7− 200 GeV and three
different impact parameter ranges, compared with the STAR data [7, 33].
classes: (0-5)%, (20-30)% and (30-40)%. These centralities are respectively represented by
the impact parameter intervals b = 0− 3.4 fm, b = 6.7− 8.2 fm and b = 8.2− 9.4 fm in the
model, where the choice of values is based on the optical Glauber model estimates [31, 32].
With the chosen parameters, the hybrid model systematically overshoots the experimental
data. The examination of the v2(pT ) produced by the simulations (Figure 3) reveals that the
overshoot is worse at higher pT , while at the lower limit of the pT -cut the produced flow agrees
with the data. It remains as a question for a future study to see if both the particle spectra
and the flow can be made to match the data with the same choice of parameters; likely
the viscous corrections will prove to be necessary. However, for this investigation the most
important thing is the qualitative agreement with the data – for midcentral collisions, the
observed modest collision energy dependence is well reproduced by the model. In the most
central collisions, the elliptic flow energy dependence is even weaker than in experiments, to
the point of being almost constant.
In order to understand why the elliptic flow appears to change so little over such a large
range of beam energies, we investigate in more detail the contributions from the different
phases of the heavy ion collision event on this observable. Figure 4 demonstrates the mag-
nitude of v2 before the hydrodynamical evolution, right after particlization and finally after
the hadronic rescatterings performed in the UrQMD (the end result). In the most central
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FIG. 3: (Color online) (a-e) Differential v2{EP} at midrapidity |η| < 1.0 for collision energies
√
sNN = 7.7− 39 GeV in impact parameter range b = 6.7− 8.2 fm, compared with the STAR data
in (20-30)% centrality [7].
collisions, where the overall elliptic flow is small compared to mid-central collisions, the ef-
fect of the hadronic rescatterings is negligible. In the impact parameter range b = 8.2− 9.4
fm the contribution from the hadronic rescatterings is about 10%.
In both centralities, the hydrodynamic phase contributes very little to the elliptic flow
at
√
sNN = 5 − 7.7 GeV; v2 at 5 GeV is in practice completely produced by the transport
dynamics. However, already at
√
sNN = 11.5 GeV the contribution from the hydrodynamics
is significant in non-central collisions. It thus seems that the hydrodynamically produced
v2 does vanish at low collision energies, as was the naive expectation. The measured v2
still remains nonzero, however, as the transport dynamics become more important at lower
energies and are able to compensate for the reduction of hydrodynamically produced flow.
Indeed, a recent study by Denicol et al. suggests that the hadron resonance gas with a large
baryon number density can have more ideal fluid-like behavior compared to the same gas at
zero baryon number density [14].
To make a connection with the earlier reaction plane analyses [24, 25], Figure 5 shows the
integrated reaction plane v2 for the present version of the hybrid, compared with the UrQMD
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FIG. 4: (Color online) Magnitude of v2{EP} at the beginning of hydrodynamical evolution (dia-
monds), immediately after particlization (squares) and after the full simulation (circles, the same
as in Fig. 2) at a) central collisions and b) midcentral collisions.
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FIG. 5: (Color online) Comparison of v2{RP} produced in hybrid (circles) and in UrQMD without
hydro (diamonds).
result without hydrodynamics. This comparison also demonstrates that for
√
sNN = 5 GeV,
the contribution from hydrodynamics is nearly negligible. At the even lower energy Elab = 2
GeV the hybrid again produces more flow; however, the applicability of ideal hydrodynamics
for the whole system at such a low energy begins to be questionable. At lower energies a
dynamical switching between non-equilibrium transport and fluid dynamics is necessary
which is beyond the current capabilities of the hybrid model.
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C. Triangular flow
The triangular flow v3 is a good observable for measuring the system sensitivity to the
initial state fluctuations, as it is generated solely by event-by-event variations in the initial
configuration of the colliding nucleons. Compared to the elliptic flow, triangular flow is
considerably less sensitive to the overall collision geometry; it is, however, also harder to
measure reliably due to having a smaller magnitude.
The
√
sNN -dependence of the integrated v3{EP} produced by the hybrid model for impact
parameter ranges b = 0− 3.4 fm and b = 6.7− 8.2 fm is presented in Figure 6a. In the most
central collisions, v3 increases only slightly from below 0.01 to 0.015 with increasing collision
energy, whereas in midcentrality there is a rapid rise from ≈ 0 at √sNN = 5 GeV to the
value of ≈ 0.02 for √sNN ≥ 27 GeV. The values at √sNN = 200 GeV are in agreement with
the experimental data [34]. The energy dependence of midecentral v3 is very similar to what
was seen for the hydrodynamically produced v2 in Figure 4b, suggesting that in this case
the transport part of the model is unable to compensate for the diminished hydro phase.
Like v3, the event plane elliptic flow v2{EP} is also affected by the initial state fluc-
tuations, as the event plane angle (and thus the tilt of the v2-generating ellipsoid) varies
event-by-event. The reaction plane v2, on the other hand, is insensitive to these variations.
Based on [35–37], we (ignoring nonflow effects) define the contribution of fluctuations to v2
as
σv2 =
√
1
2
(v2{EP}2 − v2{RP}2), (2)
and compare the magnitudes of the two fluctuation-based observables in Figure 6b. We find
σv2 remaining nearly constant with respect to the collision energy. Within the statistical
uncertainties, v3{EP} = σv2 at √sNN ≥ 27 GeV. Thus the system is able to convert the
initial state fluctuations to v2 at all energies, but for v3 the task becomes increasingly more
difficult with lower
√
sNN .
D. Flow dependence on initial geometry
Based on the above comparison of fluctuation-generated σv2 and v3, the relationship
between the flow coefficients and the initial collision geometry warrants more investigation.
Figure 7 illustrates the collision energy and centrality dependencies of the event-averaged
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FIG. 6: (Color online) a) Integrated v3{EP} at midrapidity |η| < 1.0 in central collisions (b = 0−3.4
fm, open triangles) and midcentral collisions (b = 6.7− 8.2 fm, solid triangles), compared with the
STAR data [34] (stars). b) v3{EP} compared with initial state fluctuations’ contribution to v2,
σv2 =
√
1
2(v2{EP}2 − v2{RP}2) (squares).
initial state spatial eccentricity 〈2〉 and triangularity 〈3〉. The eccentricity and triangularity
in an event, calculated at the beginning of the hydrodynamical evolution tstart, are defined
by [38]:
n =
√〈rn cos(nφ)〉2 + 〈rn sin(nφ)〉2
〈rn〉 , (3)
where (r, φ) are the polar coordinates of the participant particles in the event and 〈. . . 〉
denotes the average over the particles.
In the most central collisions, the collision area is nearly circular; both the average ec-
centricity and triangularity are created purely by the fluctuations in the spatial orientation
of colliding nucleons and are similar in magnitude. At mid-central collisions, the overlap
region of the colliding nuclei is almond-shaped, making 〈2〉 clearly larger than 〈3〉. As
neither the typical spatial distribution of binary collisions, nor the inelastic nucleon-nucleon
cross section σNN change significantly within the examined energy range, one expects only
a weak dependence on the collision energy.
The hydro starting time tstart, however, is sensitive to the beam energy, dropping from
5.19 fm at
√
sNN = 5 GeV to 1.23 fm at
√
sNN = 19.6 GeV [15]. Thus the main reason for
the systematic decrease of 〈2〉 and 〈3〉 seen at low energies in Fig. 7 is the longer transport
evolution before the start of the hydrodynamical phase. During this evolution finite v2 and
v3 values are built up that quench the initial eccentricity and triangularity.
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FIG. 8: (Color online) Energy evolution of a) v2{EP} scaled with average eccentricity 〈2〉, and b)
v3{EP} scaled with average triangularity 〈3〉, as a function of average impact parameter 〈b〉.
In order to examine the system response to initial geometry, we scale v2 and v3 with
〈2〉 and 〈3〉, respectively. The result for the three centrality classes, represented by their
average impact parameters 〈b〉, is shown in Figure 8. Aside from the anomalous most central
point at
√
sNN = 5 GeV, the relation of the elliptic flow to the initial eccentricity changes
relatively little for the whole collision energy range, in comparison to the v3 response to the
triangularity of the initial state which shows a clear increase as one moves toward higher
energies. This supports the idea that the hadron gas dynamics are sufficient for producing
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FIG. 9: (Color online) a) Average total duration 〈thydro〉 of the hydrodynamical phase in the
simulation as a function of collision energy
√
sNN . b) Scaled flow coefficients v2/〈2〉 and v3/〈3〉
with respect to the average total hydro duration for impact parameter ranges b = 0 − 3.4 fm,
6.7− 8.2 fm and 8.2− 9.4 fm.
the v2 response to the collision geometry at low collision energies, but a less viscous fluid
would be needed for producing the comparatively weaker v3 response to triangularity at the
same
√
sNN .
To study the dependence of the flow coefficients on the existence of a hydrodynamic
evolution in more detail, we plot, in Figure 9b, the scaled v2 and v3 with respect to the
event-averaged total duration of hydrodynamical phase in the simulation 〈thydro〉, measured
in the computational frame (Fig. 9a). It should be noted that this quantity represents
the absolute upper limit of hydrodynamical phase in the simulation; as the particlization
surface is not isochronous but iso-energy density, most of the system has been decoupled
from the hydro long before thydro. For an example of the actual spacetime dependence of
the particlization in the hybrid model, see Ref. [23].
It is seen in Fig. 9b that, with the exception of the most central collisions at
√
sNN = 5
GeV, the scaled v3 points form an uniform, monotonically increasing function of 〈thydro〉.
For v2, the different centralities do not have such uniform behavior because of the additional
elliptic flow produced by the transport part at low energies. In other words, the final
triangular flow is purely a product of hydrodynamics at all beam energies, while the final
elliptic flow at low
√
sNN is not.
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IV. SUMMARY
In this article, we have investigated the collision energy dependence of the flow coefficients
v2 and v3 in a hybrid transport + hydrodynamics approach. In such a framework, it is
seen that the hadron / string pre-equilibrium dynamics can compensate for the diminished
hydrodynamical evolution for v2 production at lower collision energies. Because of this, v2
changes relatively little as a function of beam energy. This remains true for v2 scaled with
the average eccentricity 〈2〉, as the initial eccentricity also changes very modestly for the
most of the examined collision energy range, decreasing more steeply only below
√
sNN <∼ 10
GeV, where the pre-equilibrium phase lasts for several fm.
For the triangular flow v3, generated purely by the spatial configuration fluctuations
of the colliding nucleons in the initial state, it is found that the system response to initial
triangularity begins decreasing below
√
sNN = 27 GeV, reaching ≈ 0 for midcentral collisions
at
√
sNN = 5 GeV. In addition, the scaled v3 points over several collision energies and
centrality classes form an uniform function of the hydro duration 〈thydro〉, whereas for the
elliptic flow the relation is distorted by the transport dynamics. Thus, compared to v2, the
triangular flow provides a clearer signal for the formation of (near-)ideal fluid in heavy ion
collisions.
For the future studies, the issues with kaon production and v2(pT ) overestimating the
data at higher pT will necessitate a slight re-tuning of the model parameters and possibly
the addition of viscous corrections to the hydrodynamical phase for the optimal agreement
with the experimental data. Also, while the values for the triangular flow v3 at high col-
lision energies (and also at the lower limit
√
sNN = 7.7 GeV) quantitatively agree with
the experimental results, there is a qualitative disagreement with the preliminary STAR
data, where no beam energy dependence is seen within 0-5%, 5-10% or 10-20% centrality at
√
sNN = 7.7− 27 GeV [8].
As the hadron resonance gas has proven to be too viscous for producing v3 from initial
state fluctuations in this investigation, the current discrepancy between the simulation re-
sults and the preliminary experimental data implies that larger quantities of low-viscous
state of matter is manifested at lower collision energies than expected in this study. On the
other hand, the inconsistent behavior of flow observables at
√
sNN = 5 GeV compared to
the higher energy points suggest that the lower energy limit of applicability may have been
13
reached for the ideal hydrodynamics approach. More detailed studies, both theoretical and
experimental, are thus needed for v3 at
√
sNN ≤ 10 GeV energies.
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